Abstract-This two-part paper proposes a revised method for calculating high voltage (HV) cable sheath currents, and for fault location of cross-bonded HV cable systems. The equivalent circuit and the cable impedance per unit length under short-circuit fault conditions are revised from those under non-fault conditions. Part 1 of this paper proposes a revised phasor domain mathematical model for the sheath current calculation under fault conditions, following demonstration that short-circuit faults can cause changes in the equivalent circuit of the cable metal sheath, and cause changes in the cable impedance per unit length. The calculation results, as given in a case study, show that there exists a unique relation between the fault position and the sheath fault currents, making it possible to locate a fault by analyzing the characteristics of the sheath currents during a fault. Part 2 of the paper focuses on the fault location method via sheath current monitoring.
I. INTRODUCTION

W
ITH the continuous expansion of urban areas, the demand for electricity has been fast growing [1] - [3] . In order to meet the reliability and security requirements of urban power transmission, taking into account urban space and planning constraints, power cables have been widely adopted in urban power grids [4] , [5] . Compared with overhead lines, power cable has the advantages of high reliability, small footprint, and being less susceptible to the surrounding environment [6] . With the increase in adoption of cable for interconnection, the number of cable short-circuit faults has increased [7] , adversely affecting the safe and stable operation of power grids, as an outage due to cable fault often takes longer to restore.
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Digital Object Identifier 10.1109/TPWRD.2019.2918159 method, using fault voltage/current data collected from relay protection devices [8] - [10] , and the other is the traveling wave method [11] - [14] . The theory of the impedance-based method is based on parameter identification, as the system parameters would change when a fault occurs [9] . Since the measured impedance may not be linearly proportional to fault distance [10] , it is difficult to determine accurately the relationship of impedance versus distance. The theory of the traveling wave method is based on analysis of the propagation time of the transient wave associated with fault current [11] - [14] . The problems associated with the traveling wave method lie with noise elimination and accurate identification of the wave head. The background of these two methods stems from the determination of location of an overhead line short-circuit fault. Recently, there have been improvements to the impedancebased method and the traveling wave method. The improvements to impedance-based method mainly focused on the calculations for specific applications [15] , [16] , for example, the applications in double circuit lines [15] , and in the identification for line faults [16] . Improvements to the impedance-based method are mainly in the algorithms [17] - [19] , e.g., making the fault signal easier to identify [17] , [18] or finding other fault characteristics [19] . However, almost all these methods require detailed system topology including line and cable parameters which may not be readily available in practice.
The telegrapher's equations [20] have been widely used to describe the voltage and current of an electrical transmission line with distance and time under both fault condition and nonfault condition. The equations resulted from the transmission line model [20] , which assumed that the conductors were composed of an infinite series of two-port elementary components, each representing an infinitesimally short segment of the transmission line. When power cables are considered, Wedepohl redefined the parameters in the telegrapher's equations [21] , as shown in (1) and (2), where V and I are vectors of dimension n representing, respectively, the voltages and currents at a distance x along the cable system containing n metallic conductors. Z and Y are square matrices of dimension n. Wedepohl presented in detail the matrix elements of Z and Y in [22] , with each cable having two metallic conductors. Every matrix element is composed of admittances and impedances per unit length: these are determined by the cable configuration, the cable materials and the relative position between cables. However, short-circuit faults can cause changes in the equivalent circuit of the cable metal sheath and in the cable impedance per unit length.
Part 1 of the paper presents the revised equivalent circuit of the cable metal sheath under fault conditions. It explains the changes in the cable impedance per unit length, and proposes a revised phasor domain mathematical model for calculating cable sheath currents of a cross-bonded cable system under fault conditions. Thereafter, it shows the variation of sheath currents with respect to the change in assumed fault location.
Part 2 of the paper [32] proposes a fault location approach via sheath current monitoring. The approach includes two steps: first, the exact cable section where a fault occurs can be determined from changes in current values, as the sheath currents would flow in opposite direction at the two ends of the fault section, whilst they would flow in the same direction in a healthy section; second, the exact fault position in the fault section can be determined from the phase difference of the power frequency sheath currents at the two ends of the fault section.
II. THE EQUIVALENT CIRCUIT OF CROSS-BONDED CABLE AND THE MODEL FOR SHEATH CURRENTS CALCULATION UNDER FAULT AND NON-FAULT CONDITIONS
Cross-bonding is one of the main features in a HV cable system. To reduce the effects of unbalanced three-phase load on sheath currents, long HV cable circuits (>1.2 km) usually have their metal sheath or the conductors transposed every 400∼500 meters, as shown in Fig. 1 . It is to be noted that a whole crossbonding section (referred to as "major section" in [23] ) consists of three adjacent cable sections or cable segments (referred to as "minor sections" in [23] ) of which the metal sheaths are crossbonded. At both ends of a major section the metal sheath is directly connected to ground through grounding boxes G1 and G2. At joints J1 and J2 the sheaths are connected to ground via overvoltage limiters. The cross-section of a typical HV cable is shown in Fig. 2 , where r 1 is the core radius; r 2 is the main insulation outer radius; r 3 is the metal sheath outer radius, and r 4 is the jacket outer radius. Starting from the centre of the cable, the cable structure is composed of the core conductor, conductor shield, main insulation, insulation shield, metal sheath, and the jacket. As shown in Fig. 1 , the two ends of the metal sheath of a major section are directly grounded. The equivalent circuit for sheath current calculation is shown in Fig. 3 . The formula for determining sheath current is given in (3), where I m1 is the sheath current of the circuit made up of elements A1-B2-C3; U a1 is the induced electromotive force (emf) of the sheath section A1; U b2 is the induced emf of the sheath section B2; U c3 is the induced emf of the sheath section C3; Z ma1 is the equivalent impedance of sheath A1; Z mb2 is the equivalent impedance of sheath B1, and Z mc3 is the equivalent impedance of sheath C3. R g1 is the ground resistance at G1 and R g2 is the ground resistance at G2. It is to be noted that U a1 , U b2 , U c3 contain the induced emfs from other adjacent cable phases.
The reason for proposing a new modelling method is to take into account that a fault causes changes in the equivalent circuit of the cable metal sheath, and in the cable impedance per unit length. During a fault, fault current flows from the core conductor through the metal sheath, and the inductance between the core conductor and the metal sheath of the fault loop should include both self-inductance and mutual inductance. For the example of when a short circuit fault occurs in section A1, the equivalent circuit of the fault loop is shown in Fig. 4 , where U a is the equivalent voltage source of phase A, U A1S is the equivalent induced emf on sheath section A1 (between the fault position and G1), U A1R is the equivalent induced emf on sheath section A1 (between the fault position and J1), R f is the fault resistance, I f is the fault current starting from the power source to the fault position. I S is the fault current starting from the fault position to G1; I R is the fault current starting from the fault position to G2. The equations of I S and I R are shown in (4) and (5), where Z A1S is the equivalent impedance of sheath section A1 (between the fault position and G1), and Z A1R is the equivalent impedance of sheath section A1 (between the fault position and J1).
The analysis which follows will present the differences in the impedance of the metal sheath between fault conditions and non-fault conditions. The fault condition here implies that there is short-circuit fault in the cable section, while the non-fault condition indicates a cable section which does not contain a short-circuit fault, even if there is a through-fault current flowing in the cable conductors. The cause of the change in impedance comes from the change in induced emf in each of the cable sections. For convenience of calculation and expression, (4) and (5) can be represented as (6) and (7), and the sheath current I m2 of the loop B1-C2-A3, the sheath current I m3 of the loop C1-A2-B3 can be represented by (8) and (9), where E(I S ) is the total induced emf in the fault loop I S ; E(I R ) is the total induced emf in the fault loop I R ; E(I m2 ) is the total induced emf in sheath loop B1-C2-A3; E(I m3 ) is the total induced emf in sheath loop C1-A2-B3; R s0 is the resistance of the metal sheath per unit length; R c0 is the resistance of the conductor per unit length; L 1 is the length of sheath loop A1-B2-C3, L 2 is the length of sheath loop B1-C2-A3, and L 3 is the length of sheath loop C1-A2-B3.
For a given cable circuit, the basic circuit and soil parameters can be taken as constants, then I m2 , I m3 , I S , I R become the functions of only 4 variables after all the expressions of the induced emfs are substituted into equations (6) ∼ (9). Thus, I m2 , I m3 , I S , I R can be calculated simultaneously. It is to be noted that I S in the fault circuit loop (Fig. 4) and I m1 in sheath circuit loop A1-B2-C3 (Fig. 3 ) flow in opposite directions: therefore, I S has a negative sign in (6).
III. THE IMPEDANCE OF THE METAL SHEATH UNDER FAULT AND NON-FAULT CONDITIONS
A. The Impedance of the Metal Sheath Under Non-Fault Condition
The longitudinal section of a typical HV cable is shown in The magnetic induction can be calculated by Ampere's Circuital Law, i.e., the integral of the magnetic induction B around a closed path C equals the magnetic permeability μ times the current crossing the area bounded by C. When a circle of radius r (r 2 < r < r 3 ) is chosen to be the closed path, the current enclosing the circle area is (r 2 − r 
The magnetic flux of the metal sheath Φ i2 (I m ) is the integral of B i2 , which can be expressed as (11) .
It is to be noted that the flux linkage Ψ i2 (I m ) linking with the current inside the closed path can be represented as (12) .
According to Faraday's law of electromagnetic induction, the induced electromotive force of the core conductor per unit length is given as (13) .
Assuming i m (t) = I AM ·sin(ωt+θ), where, I m is the phasor form of i m (t); I AM is the amplitude of i m (t); ω is the angular frequency of i m (t), ω = 2πf; f is the frequency of i m (t); t is time variable; θ is time constant. Then the phasor form of e i2 (I m ) can be written as (14) and the self-impedance of the metal sheath is given as (15) .
Similarly, the induced emf E i2 (I c ) and the mutual impedance X i2 (I c ) can be represented by (16) and (17) respectively.
B. The Impedance of the Metal Sheath Under Fault Condition
The longitudinal section of a typical HV cable under fault condition is shown in Fig. 6 . The fault current I f (core current) is divided into two parts at the fault position, one part (I S ) flows from the fault position to G1, and the other part (I R ) flows from the fault position to G2. I S and I R are sheath currents flowing in opposite directions.
As the complete path of the fault current I S contains both the core conductor and the metal sheath, the flux linkage generated by I S links in the area of the core conductor and the metal sheath, or the self-impedances of circuit I S includes the core conductor self-impedance and the metal sheath self-impedance. In addition, there are mutual impedances between I S and I R , the flux linkage generated by I S and I R links in the main insulation area.
Derived from Ampere's Circuital Law, the induced emf of circuit I S , and the self-impedance X i2 (I S ) can be represented by (18) and (19) respectively.
Likewise, the mutual impedance between I S and I R can be calculated by (20) and (21) .
Under normal, or non-fault conditions, the induced emf of the metal sheath per unit length is shown in (14) , and the per unit length self-impedance is shown in (15) . Under fault condition, the induced emf of the metal sheath per unit length is given in (20) , and the self-impedance of the metal sheath per unit length is shown in (21) . Comparing (21) with (15) , it can be seen that the per unit length self-impedance of the metal sheath is related to the structure and material of the cable. During a fault, there are changes in the equation of the self-impedance, and in the induced emf.
Changes to the circuit parameters will become even more significant when considering the mutual impedance among the three phase cables. Fig. 7 presents the equivalent circuit when a short-circuit fault occurs in section B2, where U b is the equivalent voltage source of phase B; U B2S is the equivalent induced emf on sheath section B2 (between the fault position and J1); U B2R is the equivalent induced emf on sheath section B2 (between the fault position and J2). The fault current I f starts from the power source U b , flows along the core conductor of phase B cable (section B1 and part of section B2) to the fault position, it divides into two parts and flows along the metal sheath to the two directly-grounded points. Current I S flows along the core conductor of B1 and the metal sheath of A1. The positional relationship between the currents I S and I R is shown in Fig. 8 , where I m2 is the sheath current of phase B cable, d is the distance between the neighbouring cables.
According to the positional relationship between the currents I S and I R , the electromagnetic field connection between I S and I R can be represented as the connection between an infinitely long straight current-carrying line (I R ) and a current-carrying coil (I S ), as shown in Fig. 8 . The magnetic field generated by I R links with the magnetic field generated by I S in the area of the current-carrying coil, i.e., the area between cable section A1 and cable section B1. The magnetic induction of this area can be represented as B 1e (I R ). Similarly, the induced emf E 1e (I R ) and the self-impedance X 1e (I R ) can be represented as in (22) ∼ (23) respectively.
In conclusion, the equivalent circuits and the cable impedances per unit length are different between the non-fault and fault conditions. The values depend on the position of the fault section, the cable configuration, the cable materials and the relative position between cables of different phases. A revised calculation model is needed to study the cable sheath currents under short-circuit fault conditions.
IV. THE INDUCED EMF IN A CROSS-BONDED HV CABLE SYSTEM UNDER FAULT CONDITION
This section presents the calculation of the emfs induced by fault current I S in situations which were described in sections A ∼ C. The calculations of the sheath currents in other loops can be carried out in exactly the same way.
A. The Electromotive Forces Induced From Fault Current I S
Assuming a short-current fault occurs in cable section A1, flat laid three phase cables in minor section I can be represented as in Fig. 9 . I b represents the core current of phase B; I c represents the core current of phase C; I m2 represents the sheath current of the B1-C2-A3 loop; I m3 represents the sheath current of the C1-A2-B3 loop; I S represents the fault current flowing along the core conductor of phase A to the fault position, and then flowing back through the sheath to the grounding position at G1. As Fig. 4 and Fig. 9 show, the short circuit fault affects the core and the sheath directly, combining the original core loop with the sheath loop. However, the induced emf can still be calculated by Ampere's Circuit Law and Faraday's law of induction. When the parameters related to the cable structure are available, the changes in magnetic flux can be calculated layer by layer. To calculate the magnetic flux, a closed path is needed to integrate the magnetic induction intensity. This paper chose the concentric circle of the cable cross section as the closed path, of which radius is assumed to be r. 1) 0< r < r 1 By assuming the radius of the closed path to be greater than 0 and less than r 1 , the magnetic flux in the core conductor is taken into consideration. The core conductor of a HV cable normally contains multiple stranded wires, which can limit the skin effect. Therefore, the core current can be assumed as surface current. The current inside the closed path is (r 2 /r 2 1 · I S ). According to Ampere's Circuit Law, the magnetic induction B i1 (I S ) at r is presented as (24) .
The magnetic flux Φ i1 (I S ) of this area can be calculated from (24) , and be represented as (25) .
Note that the flux linkage Ψ i1 (I S ) linking with the current inside the closed path can be represented as (26) .
According to Faraday's law of induction, the induced emf of the core conductor per unit length is given as (27) , the phasor form of e i1 (I S ) can be written as (28) . 
2) r 1 < r < r 2 When the radius of the closed path is assumed to be greater than r 1 and less than r 2 , the magnetic flux in the main insulation is taken into consideration. In this case, the current inside the closed path is I S , which fully links with the magnetic flux. Derived from Ampere's Circuital Law, the induced emf of the main insulation per unit length is represented as (29).
3) r 2 < r < r 3 When the radius of the closed path is assumed to be greater than r 2 and less than r 3 , the magnetic flux in the metal sheath is taken into consideration. The induced emf of the metal sheath per unit length is provided in (18) . Besides the induced emfs from I S itself, there are induced emfs from currents in other phases.
B. The Electromotive Force Induced From Fault Current I R
The interaction between I S and I R has been analysed in Section III-B. The magnetic flux of I R linked with the magnetic flux of I S in the area of the main insulation. The induced electromotive force can be found in (20) .
C. The Induced Electromotive Forces due to Currents of Phase B and Phase C Cables
When current I b flows in the core conductor of phase B cable, the magnetic flux linking with I S cannot be represented directly by Ampere's Circuit Law as no fully linked loop exists. However, the theory of electric dipoles [24] and Sommerfeld Integral [25] can be used for the calculation. The current element can be treated as an electric dipole, as shown in Fig. 10 , and the electric dipole is above the ground with a height of h, the distance between the electric dipole and the observation point P is R 1 , the distance between the observation point P and the mirror of the electric dipole is R 2 .
In an infinite space of non-conducting medium, the component of the Hertz electric vector Π generated at the observation point P(x, y, z) by the electric dipole in the orientation shown is represented by (30) .
Equation (31) is the Sommerfeld Integral, where k, J 0 (ru) and r represents the medium propagation constant, the 0-order Bessel function of the first kind, the spatial frequency, and the horizontal distance between the electric dipole and the observation point respectively. Assuming plane xOy is the interface between the air (above xOy) and the earth (under xOy), the Hertz electric vector in the air is as shown in (32), and the Hertz electric vector in the earth is as shown in (33). The horizontal component of the electric field strength observed in the air and the earth are given by (34) and (35), respectively.
The cables are assumed to be laid in earth when the induced emfs from other phases are calculated. The induced emf E AB due to current I b can be obtained using (36), and the induced emf between phase A and phase C cables E AC can be calculated using the same method, as shown in (37). Hence, the total induced emf in the fault loop I S can be represented as (38), where L x is the distance between G1 and the fault position. 
TABLE I PARAMETERS OF CROSS-SECTIONAL STRUCTURE OF THE CABLE * Note:
The water-blocking layer in this cable is made of semi-conductor material, this is equivalent to the outer semi-conductor in the calculation.
The total induced emf E(I R ) in the fault loop I R , the total induced emf E(I m2 ) in sheath loop B1-C2-A3, and the total induced emf E(I m3 ) in sheath loop C1-A2-B3 can be calculated by the very same method.
V. A CASE STUDY OF THE PROPOSED MODEL
A simple example power system is shown in Fig. 11 , it contains a power source, a transformer, a major section of crossbonded cables and a three-phase balanced load. The cables are installed in a flat horizontal formation (the distance between the neighbouring cables d is 0.3 m), directly buried into soil at a depth of 1 m. Each minor section of the cable circuit is 500 m long, hence the total length of the major section is 1500 m. The ground resistance in each of the sheath loops is taken as 0.1 Ω. The resistivity of the soil is 100 Ω·m. The cross section of the cable is 800 mm 2 . The structural parameters are shown in Table I .
The three-phase voltages of the 110 kV power source are taken as U a = 63.51∠0
• kV, U b = 63.51∠ − 120
• kV, U c = 63.51∠120
• kV, and the balanced load is 40 MW. A singlephase short circuit fault is assumed to occur in cable section A1. According to [26] , the breakdown characteristics of XLPE gives an electrical conductivity for the main breakdown channel of around 10 −3 Ω·cm and, hence, the resistance of the breakdown channel is around several milliohms. The exact value depends on the cross-section of the breakdown channel. Since the fault resistance is very low in the instant of a breakdown, the fault resistance R f is set as 0 Ω in this study. In this investigation, the fault position L x is set as an independent variable. As the length of section A1 is 500 m, the variation range of L x is (0, 500), which means the fault position can be anywhere in section A1. As a result, the fault currents I S and I R can be calculated for any given value of the independent variable L x using the calculation model presented in Section V. The results are presented in Fig. 12 and Fig. 13 .
Fault currents I S and I R change monotonically with fault position, as shown in Fig. 12 and Fig. 13 . It should, therefore, be possible to locate a fault by analysing fault currents I S and I R , which can be obtained by monitoring cable sheath currents.
VI. A COMPARISON OF SEVERAL POPULAR METHODS FOR THE CALCULATION OF PHASE DIFFERENCE AND FAULT LOCATION
In order to compare the differences among calculation methods, simulations have been carried out where a fault was set in cable section A1, B2 or C3, in turn. In addition to the proposed method, three other methods have been included in the simulation calculations. The methods are: the Pollaczek's method [27] used in PSCAD [28] , the calculation method recommended in a CIGRE technical brochure [29] , and the calculation method without considering the mutual impedance under fault conditions. The simulation results are provided in Fig. 14 .
As shown in Fig. 14, the phase difference between the fault current I S and fault current I R obtained using the three methods are all different. The results of the Pollaczek's method are the closest to the results of the proposed method in this paper. The results of the CIGRE method are the second closest. The results for the method which does not consider the mutual impedance under fault conditions differs significantly from the other methods. This indicates that the mutual impedance under fault conditions plays an important role in the model and should not be ignored. Furthermore, the degree of difference in the results is related to the minor section in which the fault is located. If the phase difference between I S and I R is taken as the criterion for fault location, the errors for the fault location of the 4 methods are shown in Fig. 15 . Fig. 14 and Fig. 15 indicate that the phase difference is very sensitive to the fault distance. A small error in the phase difference could cause a large error in estimation of the fault location. The maximum absolute error of each method in each cable section is presented in Table II .
As shown in Table II , the location error varies with the minor section in which the fault is located. As discussed in Section IV, the calculation of the mutual impedance under fault conditions is dependent on the minor section in which the fault is located. Except for the method proposed by the paper, in which the error is 0 m, the fault location errors of the other 3 methods are too large to be accepted in practical situations.
As noted earlier, one of the assumptions made in Section V is that the fault resistance R f , the resistance of the breakdown channel, is set to 0 Ω, as the value for XLPE is said to be very small. However, there are practical cases [30] that indicate that the current sensors may be triggered before the penetrating breakdown event occurs, in which case the fault resistance R f will not be close to 0 Ω. There are two possible solutions to this issue: first, and simplest, solution is to change the triggering and sampling rules of the current sensors; the second solution is to add another criterion for the fault location when the fault resistance R f cannot be ignored.
Although the specific value of the fault resistance R f is not available before the breakdown, the value of R f can be estimated by the fault resistance compensation calculation using the instantaneous power. Based on [8] , [31] , the equation is presented in (39), where P a represents the is the power measured at the power sending end, and k is the rate of I R /I S . Hence, the fault still can be located by the phase difference, as presented in Fig. 14 and Fig. 16 .
(39) Fig. 16 indicates that the phase difference between the fault currents I S and I R decreases with the increase of the fault resistance. As a result, the larger the fault resistance becomes, the more difficult it is to distinguish the phase difference. The results also indicate that the accuracy of the current sensors should match the value of the fault resistance to ensure ability to distinguish phase difference values effectively.
VII. CONCLUSION AND DISCUSSION
This paper proposes a revised numerical model of HV cable sheath current under short-circuit fault condition that is applicable to HV cross-bonded cable systems. The differences between fault condition and non-fault condition lie in the equivalent circuit and the cable impedance per unit length. Essentially, the differences result from changes due to the presence of a short-circuit fault, i.e., to the electrical connections and coupling between the cable conductors and the cable sheaths. The paper demonstrated that it is important to not ignore the mutual impedance under fault conditions when the accuracy of the simulated fault current matters in an application.
The method proposed in this paper has been compared with the Pollaczek's method used in PSCAD, an approximate calculation method recommended in a CIGRE technical brochure and the calculation method without considering the mutual impedance under fault conditions. Results show that the method developed is very accurate and that fault location errors of the other 3 methods are too large to be acceptable. The results also indicate that the phase difference is very sensitive to the fault distance: a small error in the phase difference could cause a large error in the fault location.
The phase difference between the fault currents I S and I R decreases with increasing fault resistance. A large fault resistance, if not considered correctly, could affect the ability to distinguish the phase difference. To overcome this challenge, it is suggested that the current sensors be set to trigger when a penetrating breakdown forms, or the accuracy of the current sensors should be matched to the fault resistance. The details of the location method, utilizing the modelling results, will be presented in part 2 of the paper [32] .
